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Abstract

It is well known that the classic Galerkin finite element method is unstable when applied to hyperbolic conservation
laws such as the Euler equations for compressible flows. Adding a diffusion term to the equations stabilizes the method
but sacrifices too much accuracy to be of any practical use. An elegant solution developed in the context of spectral meth-
ods by Eitan Tadmor and coworkers is to add diffusion only to the high frequency modes of the solution and can lead to
stabilization without sacrificing accuracy. We incorporate this idea into the finite element framework by using hierarchical
functions as a multi-frequency basis. The result is a new finite element method for solving hyperbolic conservation laws.
For this method, convergence for a one-dimensional scalar conservation law has previously been proved. Here, the method
is described in detail, several issues connected with its efficient implementation are considered, and numerical results for
several examples involving one- and two-dimensional hyperbolic conservation laws are provided. Several advantageous
features of the method are discussed, including the ease for which discontinuities can be detected and artificial diffusion
can be applied anisotropically and locally in physical as well as frequency space.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Naive, e.g., straightforward central difference or Galerkin, discretizations of hyperbolic conservation laws
lead to unstable approximations. The most obvious stabilization approach is to add an artificial viscosity term
to the conservation law but, as is well known, this leads to severe smearing of discontinuities and to low accu-
racy even in regions in which the solution is smooth. Of course, there have been many methods (finite differ-
ence, finite volume, finite element, spectral, kinetic, etc.) proposed for determining improved stabilized
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approximation solutions of hyperbolic conservation laws; see e.g. [2,8,11,14,15,18,19,22-25,28,29] for a small
sample of the vast literature on the subject.

In this paper, a new finite element method for hyperbolic conservation laws is considered. The method is
based on hierarchical basis functions and a scale-dependent artificial viscosity. Standard, nodal basis functions
are all of the same scale, i.e., with respect to a given triangulation of a domain, their support is roughly equal.
In contrast, hierarchical basis functions can be clustered into groups such that basis functions within a par-
ticular group are of a different scale from those within the other groups. The multi-scale nature of the hierar-
chical basis functions allows for the selective addition of viscosity only at the smallest scales, very much in the
spirit of spectral viscosity methods. This flexibility allows for the stabilization of Galerkin finite element
approximations and, at the same time, results in more accurate approximations both with respect to conver-
gence rates in regions where the solution is smooth and the sharpness of the resolution of discontinuities in the
solution. In [6], it was proved, for the case of a one-dimensional, periodic, scalar hyperbolic conservation law,
that, under appropriate hypotheses, the approximate solution obtained using the new algorithm converges to
the entropy solution of the conservation law. In this paper, the new algorithm is defined and several of its
properties are discussed. Issues that arise in its efficient implementation are also considered and preliminary
illustrative computational examples are provided.

1.1. Hyperbolic conservation laws

Let Q C RY be a bounded domain. A general system of conservation laws has the form

0 K0 : ,
6—(:+jzl:a—xjfj(q):0 in 2x(0,00) and q(-,0)=g inQ (1)
along with appropriate boundary conditions. Here, q : Q x [0,00) — R” denotes the vector-valued conserved
variable, f; : R” — R?, j=1,...,d, denote the d vector-valued flux functions, and g : 2 — R’ denotes the gi-
ven initial data. For q € R?, let A;(q) : R? — R?*? denote the p x p Jacobian matrix of f;, i.e., A;(q) = (aZ(q)
The system (1) is hyperbolic if for all solutions q, any linear combination of {A;(q )} has real eigenvalues
with eigenvectors that span R?. The system (1) is strictly hyperbolic if the eigenvalues are distinct. See e.g.
[11,9] for details.

The system (1) does not, in general, have a classical solution because of the spontaneous formation of dis-
continuities. Instead, one must look for a solution q € L*(Q x (0, 00); R?) which satisfies (1) in the distribu-

tional sense:

[

for all test functions ¢ € Cy° (2 x [0,00); RP). It is clear that for a smooth enough solution, (1) and (2) are
equivalent.

In the presence of discontinuities, solutions of the system (1) or of the weak formulation (2) are not
uniquely determined. Additional conditions must be imposed to determine the unique, physically
relevant solution. The second law of thermodynamics tells us that the entropy of the system should
not decrease; satisfying this requirement suffices to allow one to obtain the unique, physically relevant
entropy solution.

Let &, {¥ } : R” — R be smooth functions; for (1), @ is an entropy with entropy fluxes {¥; } _ if s
convex and A% @T(f’ =V, in R? for 1 <j < d. A simple calculation gives us that if q is a smooth solution
of (1), then &(q) satlsﬁes a scalar conservation law with fluxes ¥;(q):

dez+/ c$(-,0)dQ =0 (2)

+ Z axj . =0 in R? x (0700) (3)

In some instances, @ can be interpreted as the negative of the physical entropy, so that (3) states that if q is a
smooth solution of (1), then @ o q satisfies a conservation law with flux functions {¥; o q}j':1
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For solutions with discontinuities, we impose the entropy condition on q that requires the physical entropy
to be non-decreasing:

52@+ 5@ <0 4)

for every entropy function @ with entropy fluxes {Y’} (4) is an inequality in the distributional sense:

/1’

//[ +le —1dQdr >0 (5)

for all ¢ € C7°(Q x (0,00)), ¢ = 0.

In (1), viscous effects are ignored. For the class of phenomena that are modeled by hyperbolic conservation
laws, viscous effects are generally small, but they are present and play a role when sharp gradients (such as at
shock waves) of the solution are present. An alternate and equivalent means of characterizing the unique,
physically relevant solution of (1) is to let q = lim, .oq° a.e., where ¢°: Q x [0,00) — R” is the solution of
the perturbed equation

o & D . .

A, Z —f;(q°) —eAq" =0 in @ x (0,00) and q°(-,0)=g in Q (6)
=t

along with boundary conditions. In other words, the entropy solution is the limit of the viscous solution as the
viscosity goes to zero.

1.2. Spectral viscosity methods

In [25], spectral viscosity (SV) methods were introduced as a scheme to obtain approximate solutions of the
periodic Burgers’ equation using Fourier spectral basis functions. The theory was further refined and extended
in a series of papers [21,20,7,26,27,10,13]. Of particular importance to us are [13,20] in which Legendre poly-
nomials are used. The variational formulation of the Legendre SV method is closest to our finite element
formulation.

We present the most basic SV method, which uses Fourier spectral basis functions. Using standard notation
from Fourier spectral methods, we define:

. 1 +1 )
uy = PNZ,{()C7 t), PNu = Z l)k(t)elkﬂ?x’ l:lk(t) — 5 / u(x7 t)e—lkﬂ:x do.
|k|<N —1

We seek u, such that

Ouy O ulzv 0 Ouy
§+5<PN7> ax<QN ax>

Oy denotes the spectral viscosity operator defined as a convolution with the viscosity kernel Oy (x) so that

Ou Oun (x,1)
QNa—;VZQN(X)* "%7)6 and  Qy(x Z O™
Ik[<N
We choose 0 < @k < 1 and @k = 0 for small |k|. It is easy to see the effect of Qy if we write the diffusion term
in Fourier space:

0 ( Ouy 2 27 A ik
Oy > = —€ (k"m” Qi e™™).
6x Ox Ik\zé;\/

Since @k = 0 for all but large |k|, O eliminates the low frequency modes of u in the diffusion term. So, we see
that the SV diffusion term is a compromise between not adding diffusion, which leads to instability, and adding
full diffusion, which limits the convergence rate and smears out discontinuities in the solution. Ideally, one
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would like to add diffusion only in the vicinity of a discontinuity. However, the global nature of the basis func-
tions makes an adaptive viscosity kernel difficult to construct.

The SV solution uy does not converge to the exact solution « at the optimal rate because of the poor con-
vergence of Pyu. Pyu is limited to first-order convergence in smooth regions and has O(1) Gibbs oscillations
near a discontinuity. Post-processing u, recovers spectral convergence. The post-processing scheme can be
enhanced by knowing the locations of discontinuities, as in [10]. Because of the global nature of spectral basis
functions, this edge detection task is a nontrivial one.

2. Hierarchical finite element basis functions

The usual (nodal) basis functions used in finite element methods all have the same frequency. In order to
have available multi-frequency basis functions, we use hierarchical basis functions; see [3,4,31-35]. In the ellip-
tic partial differential equation setting, an early analysis of hierarchical basis functions, especially in one
dimension, is given in [35]. For two dimensions, see [31]. A good overview of hierarchical basis functions
can be found in [33].

First consider a polygonal domain Q. Let .7, be a coarse grid approximation of Q. The nth level triangu-
lation 7, is obtained by subdividing the elements of .7 ,_,. Let S" be the space of continuous functions which
are polynomials of degree p on the elements of .7 y. Let /"y C Q be the nodes of the elements of 7 y. The
nodal basis functions of S" are defined by ¢, € S such that ¢,(x;) = J, for all x; € A"y. It is well known that
S = span{¢,},. The use of nodal bases leads to many nice numerical properties, such as sparse mass and stiff-
ness matrices and the local assembly of matrices. However, we cannot use the nodal bases for our purposes
because, as we noted earlier, the elements of {¢,}, all have the same frequency.

Let ./, denote the nodes of the n-th level triangulation .7, %" denote the corresponding finite element
space, and B" denote the nodal basis of #”. The hierarchical basis functions are defined by

¥, € B" such that ,;(x;) =0 Vx; € A7, ,.

For 0<n<N, {y,;},, €S is a linearly independent set with the same dimension as SN, so
sV = span{y,;}, . See Fig. 1 for a comparison of the nodal and hierarchical bases for linear elements in
one dimension. As can be seen from Fig. 1, ¥, is a low frequency function for small #» and a high frequency
function for large n. '

1"’0,0 ¥o,1
0.5
0
-1 -0.5 0 0.5 1
4

4 1,0
0.5
0
-1 -0.5 0 0.5 1
] ¥a0 Y24
0.5
0
-1 -0.5 0 05 1

b O 05 0, 05 05 &, 05 0O 1 Y30 V3 4 Y32 Y33

N /\ /\ /\ /
/N /N /N /
o5t £ XA XA X 05
\
0 \/ \/ / 0
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fig. 1. Left: Nodal linear basis functions spanning a nine-dimensional finite element space. Right: Hierarchical linear basis functions
spanning the same nine-dimensional finite element space; top to bottom: the 2 level 0 functions, the single level 1 function, the 2 level 2
functions, and the 4 level 3 function.
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The strategy just outlined works for polynomials of any degree. For example, Fig. 2 displays a set of qua-
dratic hierarchical basis functions and an alternate strategy for which linear hierarchical basis functions are
used for n < N.

In order to determine 7, from .7, we must decide, for a given T € .7 ,, how many sub-elements to divide
T into. For linear and quadratic rectangular-type elements in R?, the natural choice is 2¢ sub-elements. For
cubic elements, the natural choice is 3¢ since the vertices of an element will then be a subset of the vertices
of its parent. Here, we limit our attention to linear and quadratic basis functions.

For domains with curved boundaries, the situation is more complicated. Let 2 be our potentially compli-
cated domain. One strategy is to use the hierarchical decomposition of some polygonal domain Q' such that
Q C @, asin[16]. Another strategy is to try and impose a hierarchical structure on an unstructured mesh, as in
[4]. The hierarchical structure could also be imposed on the mapping of @ to a polygonal domain.

2.1. Some properties of hierarchical finite element bases

A finite element discretization will result in a system of ordinary differential equations. After choosing an
ODE solver to discretize time, we are left with a system of equations, possibly non-linear. Let J® and J* be the
nodal and hierarchical Jacobian matrices, respectively, of the nonlinear discrete system. For simple (linear)
problems, J could be the mass or stiffness matrix. Due to the small support of all nodal basis functions, J°
is much more sparse and easier to assemble than is J'. It is therefore best to work with the nodal basis as much
as possible, then translate to the hierarchical basis only when needed.

Let xP and x* be the nodal and hierarchical coefficients, respectively, of uy € S". Let S be the matrix such
that

xP = sxt.

A simple but tedious calculation gives
JH=58"JPs and R" =S"RP.

The nonlinear solver requires the solution of

N RY = (§TJP8)'STRP = (JPS) 'RP,

] Yo,0 ¥o,1 Yo.4
05 T~ T
o=—"" —==
-1 -0.5 0 0.5 1
¥i0 Vi1
]
0.5 0.5
0 0
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
] Y20 Y21 Vo2 Va3 ’ Y20 Y21 Va2 Y23
0.5 0.5
0 0
-1 -05 0 0.5 1 -1 -0.5 0 0.5 1
| V30 Y31 Y32 V33 Y34 Y35 V36 Y37 ; Va0 Y31 V32 Y33 V34 VY35 Y36 V37
0.5 0.5
0 0
-1 -05 0 0.5 1 -1 -05 0 0.5 1

Fig. 2. Left: Quadratic hierarchical basis functions spanning a 17-dimensional, quadratic finite element space. Right: An alternate set of
quadratic hierarchical basis functions spanning the same 17-dimensional, quadratic finite element space.
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where RP and R™ denote residual vectors in terms of the nodal and hierarchical bases, respectively. Thus, in an
iterative linear solver, we need to calculate J°Sy and perhaps (JDS)Ty for some vector y. Compared to J°, S'is
not sparse, so we do not want to actually construct S. Making the linear solver efficient requires being able to
calculate Sy, STy, and S~'y quickly. Algorithms for this purpose are given in the next subsection.

2.1.1. Efficient calculation of transformations between bases

We now present algorithms for calculating Sy, STy, S”'y, and S~Ty. Here, i and j represent global node
numbers.

Let y denote a vector representing a function uy € S" in the hierarchical basis. Then, Sy represents u, in the
nodal basis. To calculate Sy, we evaluate uy at the nodes; y is overwritten by Sy.

for leveln=0to N —1
for element T € 9,
forx; € (N1 \ A0)
for nodal basis function ¢; € B" with support in T
Vi :)’ierquj(xi)
end for ¢,
end for x;
end for T
end forn

Now let y be a vector representing a function uy € SV in the standard nodal basis. Then, S~y represents uy, in
the hierarchical basis. To calculate S~'y, at each level, we must use the coarser mesh to subtract away the glo-
bal behavior of uy; y is overwritten by S~ 'y.

for leveln=N—-1to0
for element T € .7,
for x; € (N i1 \ A7)
for nodal basis function ¢; € B" with support in T
Vi :yi_Yj¢j(xi)
end for ¢,
end for x;
end for T
end forn

Unlike S and S~!, ST does not have a clear geometric interpretation. As noted in [31], S can be represented as
S =808 ---Sv_1Sy, where S, represents the matrix multiplication in the outer loop of the Sy algorithm. This
gives us S* =SSy, -S| S;.

for leveln=N—-1to0
for element T € 7,
forx; € (N1 \ Aw) N Te
for nodal basis function qu € B" with support in T
Yi=DY; +yi¢j(xi)
end for ¢,
end for x;
end for T
end forn

Finally, we have S™" = S, 7,7 ---5, T S, .

for leveln=0to N -1
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for element T € 7,

forx; € (Nt \ A W) N T
for nodal basis function ¢; € B" with support in T

Vi :yj_y[¢j(xi)
end for ¢,
end for x;
end for T
end forn

2.1.2. Condition numbers of standard matrices in nodal and hierarchical bases

Let /1y be the maximum mesh size of the finest triangulation 7 y. For a matrix J, let x(J) be the condition
number. Let r be defined by x = O(h,"). Let M and K be the mass and stiffness matrices, respectively, in the
standard nodal basis. It is well know x(M) = O(1) and x(K) = O(h,?). In the hierarchical basis, the condition
number of the stiffness matrix K™ = STKS is smaller, while the condition number of the mass matrix

H — STMS is larger.

Let us first consider some numerical experiments. We calculate the condition numbers of J, JS, and STJS for
J = K, M and for first and second degree piecewise polynomial bases. The results are given in Tables 1 and 2
and Fig. 3. The numerical evidence indicates that x(M™) = k(K") = O(h,,").

We can prove that in one dimension, we cannot do better than x(M™) = x(K™) = O(h,") for linear and qua-
dratic basis functions. Let H'(U) and H}(U) be the standard notations for Sobolev spaces with inner product,
norm, and semi-norm (-,-), || - ||,, and | - ||, respectively. Let p € {1, 2} be the degree of the polynomial. For

p+l N 22

Uy = Zﬁo,z“po,i + Z Z Beithri € Sw(U),
=0 = =0

let us define the norm

N2k

ow]|? Z|ﬂ01 +Z Z |ﬁk1

For a lower bound of the condition number of the mass matrix, we will need to determine how small and how
large i can be. For p = 1, we have that

IHP
|U|
H%,o”z =1 and HlploHo =3

For p=2,
H%l”z =1 and Hlﬁo«lug = C|U],

where C can be 15 Or 3 dependlng on which quadratic hierarchical representation we use. We also have that

Table 1
Comparison of stiffness matrix condition numbers in one dimension
N Linear bases Quadratic bases

K KS STKS K KS STKS

K r K r K r K r K r K r
3 5.8e+0 - 3.2e+0 - 2.0e+0 - 3.3et+1 - 1.3e+1 - 8.0e+0 -
4 2.5¢e+1 2.1 9.4e+0 1.6 4.0e+0 1.0 1.4e+2 2.1 3.7e+1 1.6 1.6e+1 1.0
5 1.0e+2 2.0 2.7e+1 1.5 8.0e+0 1.0 5.5¢e+2 2.0 l.let+2 1.5 3.2e+1 1.0
6 4.1et+2 2.0 7.7e+1 1.5 1.6e+1 1.0 2.2e+3 2.0 3.0e+2 1.5 6.4e+1 1.0
7 1.7e+3 2.0 2.2e+2 1.5 3.2e+1 1.0 8.9¢e+3 2.0 8.6e12 1.5 1.3e+2 1.0
8 6.6e+3 2.0 6.2e+2 1.5 6.4e+1 1.0 3.5¢+4 2.0 2.4e+3 1.5 2.6e+2 1.0
9 2.7et+4 2.0 1.7e+3 1.5 1.3e+2 1.0 1.4e+5 2.0 6.8e+3 1.5 5.1et+2 1.0
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Table 2
Comparison of mass matrix condition numbers in one dimension
N Linear bases Quadratic bases
M MS sTms M MS STKS
K r K r K r K r K r K r
3 3.9¢+0 - 1.let+1 - 3.0e+1 - 5.4e+0 - 1.7e+1 - S.6e+1 -
4 3.9e+0 0.0 1.6e+1 0.6 6.8e+1 1.2 5.4e+0 0.0 2.5¢e+1 0.6 1.3e+2 1.2
5 4.0e+0 0.0 2.4e+1 0.6 1.6e+2 1.2 5.4e+0 0.0 3.7e+1 0.6 3.0e+2 1.2
6 4.0e+0 0.0 3.6e+1 0.6 3.4et+2 1.1 5.4e+0 0.0 5.5¢+1 0.6 6.8¢e+2 1.1
7 4.0e+0 0.0 S.4e+1 0.6 7.5¢+2 1.1 5.4e+0 0.0 8.1e+1 0.6 1.5e+3 1.1
8 4.0e+0 0.0 7.9e+1 0.6 1.6e+3 1.1 5.4e+0 0.0 1.2e+2 0.6 3.2e+3 1.1
9 4.0e+0 0.0 1.2e+2 0.5 3.5¢+3 1.1 5.4e+0 0.0 1.7e+2 0.5 6.7e+3 1.1
10° 10*
—x— std. stiffness matrix (K) —%— std. mass matrix (M) o
_ --x-lin. solver matrix (K S) _ -x-lin. solver matrix (M S)
< -O- hier. stiffness matrix (SPK S) £ 10°} -O- hier. mass matrix @T mS)
3 x 3 o
€ b € o
2 ) 2 102 - X
s 0 5 @ X x
= o = (¢ w %
2 S X
8 o s 10 x
5 e *—————————F——%
10° degree=1 10 degree=1
2 4 6 8 10 4 6 8 10
level level
10° 10* 5
—— std. stiffness matrix (K) —— std. mass matrix (M) -~
_ --x-lin. solver matrix (K S) _ -x-lin. solver matrix (M Sy
< -O- hier. stiffness matrix (S S) 2 10’} -O- hier. mass mapix(5' M S)
g 10* g
o X o D/
€ x 5 - Y
2 BN 2 10° L@ PR
.5 _e” .5 @ X X
5 10° % 5 X
S X _e g 10
o A (]
é - @
10° degree=2 10 degree=2
2 4 6 8 10 4 6 8 10

level

level

Fig. 3. Condition numbers of stiffness and mass matrices.

= w|q

=1 and [Yyoly =

1

w

L p=1,
%2’& p=2.

Therefore, for all N, there exist vy, uy € SV (U) N Hy(U) such that

2
v
H NHg — Cl and H NHO C |U|2 N
[low Juen |

For a lower bound of the condition number of the stiffness matrix, we will need to determine how small and

how large ‘ , can be. For p = 1, we have that

v 2:1 and |y
H l,OH | 10| |U|
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For p = 2, we have that
C

H%J m»

where C can be 1 or 4 depending on which quadratic hierarchical representation we use. We then have

P=1 and |y,[; =

AN p=1,

U]
Wyol® =1 and  [Wy,l; = { N
¥ ﬁZ , p=2.
Therefore, for all N, there exist vy,uy € S”(U) N Hy(U) such that
lowlt _ unli _ Ca
- — 49N
o lun|* 1V

From now on, C will denote a positive constant, not necessarily the same from line to line. Let Ay min and Ay max
be the minimum and maximum eigenvalues, respectively, of a matrix.

Lemma 1. In the hierarchical basis, the condition number of the mass matrix grows at least exponentially with the
number of levels.

Proof. Using the Rayleigh quotient, we have that

TMH v 2
i) = ing X o 10l o
X XX uvESN ||UN||
and
5 XTMH)C v 2
/“N,max(MH) = Sup T = sup || N”g >
x XX UNESN ||UN||
so that
A M
KN(MH) = N’mL(H) > C2N O
/1N4min(M )

Lemma 2. In the hierarchical basis, the condition number of the stiffness matrix grows at least exponentially with
the number of levels.

Proof. Again, using the Rayleigh quotient, we have that

s . TH ) 2
/“N,min(KH) = inf X T X = inf |UN|12 < C
X XX ONESN HUNH
and
) xTKHy ovl?
/LN,max(KH) = sup T = su | N|l2 > N
X XX vNESN ||1)NH
so that
\ KH
ey (KM) =AN“‘—(H) > . O
AN, min(K )

3. The finite element multi-resolution viscosity method

Assume we have a hierarchical sequence of partitions {7 ﬂ}ff:o of U C R?, which is an open bounded set.
Let S be the space of continuous vector-valued functions whose components are in S”. We seek an approx-
imate solution to the hyperbolic conservation law (1) with appropriate boundary conditions.
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Our finite element discretization of (1) is based on the weak formulation (2) and is defined as follows: seek
q" € S" such that

d 6,
dt/ de+/Za de+eNZZ/axj “qh) v dx

=1 jk=1
TN Z Z / _(Ql&qu)vih\k ds=0 WeS", (7)
i=1 jk=1JoU Ox;

where i denotes the unit normal to the boundary dU of U. As in the SV method, O} reduces or eliminates the
low frequency modes of a function:

O o SY =S N N Buthi— Y D OB, o
=0 i n=0 i

where
. . 0 for small n (n near 0)
0<0F <1 and - ’
O O { 1 for large n (n near N).
To account for the boundary conditions that accompany (1), a subspace of Sy might need to be used (for
essential boundary conditions) or the domain of integration in the boundary integral in (7) might not be
all of OU (for natural boundary conditions).
One recognizes that (7) is a weak formulation of

LD DY YR ppe o)
o 2 TN b YT

where [Q}q], = Oq, for 1 <i < p. The dependence of 0} on j and k allows for the possibility of directional
bias in the diffusion, which could reduce crosswind diffusion. As in the streamline diffusion method, this would
probably require the use of entropy variables. We can simplify our formulation by using an isotropic diffusion
term QN such that

N n,i = QN n, z (10)
Then, (7) and (9), respectively, reduce to

d L0
&/Uq-vdx—k/uZajfj(q)-vdx—&-eN/UV(QNq):Vvdx—eN L on (Ovq) - vds=0 WwweS"

: (11)

and
0 K 0
a2 o 1) A Q@) = 0. (12)

Once one chooses a time discretization technique, one is left with a nonlinear system of equations to solve. The
Jacobian of that system has the form

JH=J"+ K",

where J is the Jacobian of the time dependent and flux terms, and Q is a diagonal matrix whose nonzero
elements are {Q’Nkn,} For ease of notation, we ignore the boundary term. Translating to the nodal basis,
we obtain

JU=ST(JPS + k"s0), RY =STRP,

B ~ B (13)
R = (JPs + kMsQ) !
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An iterative linear solver would then require, for a given vector x, the calculation of
(JPS +K"sQ)x and (JPS + K"S0) x.

In the SV method, there is only one function, having global support, at a given frequency. In our finite element
formulation, there are many functions, each having local support, at a given frequency. Hierarchical finite ele-
ment bases offer two advantages: diffusion can be added locally and edge detection is trivial.

3.1. Adaptive diffusion

For large values of n, the hierarchical basis function v, ; has local support, so Q’Nkm only has a local effect.
We can therefore add more diffusion near a discontinuity and less diffusion in the smooth regions. This should
improve the accuracy of the method. As we are about to see, the size of |f,;| can be used to determine if the
support of i, ; resides in a smooth region or is near a discontinuity.

3.2. Edge detection

Using a hierarchical finite element basis, edge detection is a trivial task. Near a discontinuity, the high fre-
quency hierarchical coefficients are order one. In a smooth region, they shrink exponentially. Fig. 4 displays
the coeflicients of a hierarchical decomposition of a piecewise smooth function with a discontinuity. We can
easily determine the location of discontinuities by looking at the magnitude of the high frequency coefficients.

3.2.1. Edge detection for piecewise linear polynomials

Let us prove the behavior of the hierarchical coefficients for linear basis functions. As we can see in Fig. 5,
the coeficient f; ; in the hierarchical finite element expansion can be calculated from the value of the func-
tion u at x;y;,; and the node points of the parent cell. For a uniform partition, the cell size at level k is
Axy = |U[27" and s0 X1, — Xi; = Xpip1 — Xap1y = Axeyy and

1.5 0.4 0.4
0.2 0.2
1 0 0
P.W. level 1 level 2
smooth —0.2 [ hierarchical —0.2 thierarchical
function coefficients coefficients
0.5 -0.4 -0.4
-1 0 1 -1 0 1 -1 0 1
0.4 0.4 0.4
0.2 0.2 0.2
0 0 0
level 3 level 4 level 5
—0.2 thierarchical —0.2 thierarchical —0.2 thierarchical
coefficients coefficients coefficients
-0.4 -0.4 -0.4
-1 0 1 -1 0 1 -1 0 1
0.4 0.4 0.4
0.2 0.2 A 0.2 l
0 0 0
level 6 level 7 level 8
—0.2 hierarchical —0.2 fhierarchical -0.2 [ hierarchical
coefficients coefficients coefficients
-0.4 -0.4 -0.4

-1 0 1 - 0 1 -1 0 1

Fig. 4. Hierarchical decomposition of a piecewise smooth function with a discontinuity.
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(K Uy )

Fig. 5. Linear hierarchical coefficient from function values.

ﬁk+1,j _ u(xk+1,j) B u(xkj+1)2+ u(xk,i) _ u(Xk+1,j>2— u(Xk,i) _ u(xk,H—l) ; u(xk+u> . (14)

Let Tr; = (X, Xkit1)-

If u is discontinuous, we assume that u has a discontinuity in 7 ;. At least one of the two terms in (14) has a
relatively large value, and so |f;,, ;| will be the same order as the jump of u independent of k. If u is contin-
uously differentiable, we now assume that u € C'(Ty,). Then, (14) can be written as

_ U -k ”(xk+l,j) —u(xe)  u(xeion) — M(Xkﬂj)
By = 72 — - — .
X1, — Xk,i Xiei+1 — Xit1,j
By the mean value theorem,
Ul ke - -
Brory =24 ) - () (15)

for some x;,%; € T,;. Therefore, ., ; is of order 275
Byl < UM e, 277

If u is twice continuously differentiable, we assume that u € C*(T},). By the mean value theorem, (15) can be
written as

|U‘ —k (= = "~
Briry = *72 (F =3 (3)
for some x € T} ;. Therefore, f,, ; is of order 4k
_ |U| ~ ~ e 2—k < 2. n 4—k—1
Bisrjl = = 12 = 2l @27 < UF "l e, 47

3.2.2. Edge detection for piecewise quadratic polynomials
We can produce similar results for quadratic basis functions by using the relation

Buony = utowans) = (Gutonin) + uton) ~ gutons)) (16)
3 6 1
=3 [t(xpi1,) — u(xiio1)] — 3 (ki) — u(xisr )] + 3 [u(xpier) — u(res))], (17)

as in Fig. 6. We can further show that the hierarchical coefficients of a smooth function shrink more quickly in
the quadratic case.
If u is three times continuously differentiable, we can use an interpolation argument from [30]. Let

F(t) :=u(t) — u(¢) — RL(2),
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Ky UK i14))

Fig. 6. Quadratic hierarchical coefficient from function values.

where u; € S* is the interpolant of u,

u(Xpy17) — Ui (Xpq1y) _ 8

R = =
(1 = Xaimt) (1 — Xaes) (1 j — Xreie1) 3|U|3

8 i1,

and
L([) = ([ - xkri,l)(t - xkvi)(t - xk,i+1)~

Since wu;(x) = u(x) for x € {x;,, %11}, we have F(x;,;_1) = F(x;;) = F(x¢;+1) = 0. From the construction of
F(t), we also have F(xx41;) = 0. By repeated applications of Rolle’s theorem, F"(¢) has at least one zero
N € (Xki—1,Xki+1). U 18 @ quadratic polynomial on (xy;—1,%x+1), SO u}'(¢) = 0. Thus,

1 n n n n " 1 6
0=F"(n)=u"(n) —uw(n) —RL"(n) = u"(n) — 6R = u" () — m8kﬁk+1,/-
Therefore, B, ; = %8*’%/”(;1) and
UP o i
|ﬁk+lﬁi| < TS * 1||”/”|‘L°C(xk_,,l,xm1)~ (18)

4. Numerical results

In this section, we provide a few illustrative but preliminary computational experiments using hierarchical
finite element methods for one- and two-dimensional hyperbolic conservations laws.

4.1. Model problems

We use four model problems to illustrate the implementation of the hierarchical finite element formulation
to hyperbolic conservation laws.

4.1.1. Burgers’ equation with a long-time steady state solution
The quintessential scalar conservation law in one dimension is Burgers’ equation; we look at two different
problems involving this equation. First, we consider Burgers’ equation with Dirichlet boundary conditions:



M. Calhoun-Lopez, M.D. Gunzburger | Journal of Computational Physics 225 (2007) 1288—1313 1301

“+2(£) =0 on (=1,+1) x (0,),
qg(£1,t)=F1 forall ¢t € (0,00),

g(x,0) = —cos {@}

As t — o0,

N

-1, x>0.

4.1.2. Periodic Burgers’ equation problem
For the second model problem, we consider the periodic Burgers’ equation:

“+2(£) =0 on (~1,+1)x (0,7),
q(=1,8) = q(+1,7) forallze (0,T), (19)
q(x,0) = 1 +1 sin(mx).
It is shown in [9,17] that the entropy solution is given by
X —
q(x7 t) = Ty )

where y = y(x, t) minimizes
t

G(x,y,t)zi( ;y>2+/q(y,0) dy.

If x is not the point of discontinuity, then G will have only one global minimum, although it can have several
local minima. The simplest strategy of solving for g is, for each x, to find a point y, near the global minimum
of G(x,y,t), then use any nonlinear solver to find the solution y of

) 40,0 =0,

then set ¢(x, ) = *=~. See Fig. 7 for solutions at t = 0.25 and 7 = 1.
4.2. The Euler equations
An important example of a system of conservation laws is the Euler equations:

1.5

14}
13}
12}
11}

1

0.9
0.8 ! /
0.7 | \ /

06| \ /7

0.5 \ LNy \ \ \ \ \
-1 -08 -06 -04 -02 O 02 04 06 08 1

Fig. 7. Exact solutions of the periodic Burgers’ equation at two different times.
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d
& o) + 32 & (pui;) +§£ =0 for 1 <i<d,

Ox; Ox;

=
d
& (pe) +3° & (peu; + Puj) = 0,
where p, u € R, e, and P are the density, velocity, specific (per unit mass) total energy, and pressure, respec-
tively, of the fluid. pu is the momentum per unit volume and pe is the total energy per unit volume of the fluid.
The Euler equations are a statement of conservation of mass, momentum, and energy.

The Euler equations in one space dimension consist of three equations with four unknowns. An equation of
state is required to relate P, p, and the specific internal energy ¢ = e — % For a polytropic ideal gas, pe = y%],
where 7y is the ratio of specific heats. The value of y for a diatomic gas, such as air (nitrogen and oxygen), is
y = 1.4. Thus, the equation of state we use is given by

PZ(V—1)<pe—p%>-

Two other quantities will be used in our study of the Euler equations. The speed of sound in the fluid ¢ and the
Mach number M = |u|/a. With the assumptions we have already made about the nature of the fluid,
a = +/yP/p. The above definitions are taken from [1,11,18].

4.2.1. The shock tube problem

The third model problem we consider is the shock tube problem. Consider a tube, closed at both ends,
which is divided into two sections. On the left is a gas at rest under high pressure; on the right is a gas under
low pressure. At time ¢ = 0, the divider is removed, and the gases in the two regions are allowed to move. If the
properties of the gases in the two regions are initially constant, then this is a Riemann problem, and so at most
four distinct regions of flows with constant properties should form. Separating the four regions are either an
expansion wave, a contact discontinuity, or a shock discontinuity. In this particular case, all three types of
separators are present.

Let us label the four regions as in Fig. 8. Let (p;, u;, P;) be the variables in the ith region. (p,,u4, P4) and
(py,u1,Py) are know from the initial data. In [1], it is shown how the initial data can be used to calculate
(p,u, P) in the entire domain. The contact discontinuity separates the two gases and moves with a velocity
u,. The shock moves to the right with speed W. ﬁ—f can be calculated from the implicit equation

Pe D)y (h—l)(g)(g_) s
Py P \/2))1 {2V1+(V1+1)(%_ )}

We can now easily calculate the following:

~2y4
g —1

P,
Uz = up, Uy = Up, P3:P27 P2:P|—,

Py

nl) (P

P a lJr(f:j)(}Tf)
p3=p\5 | s P2=P—7 5

P4 71+l Py
-1 +P1

)

1
291 2
ap Pz v+l 1 + 1 P2
— ~1 o W = ) =-1 1.
up "1 (Pl ><&+-:'i11> 7 al\/< 2y, ><P1 "
P 71+1

The left and right ends of the expansion wave travel with velocities —a4 and u3 — a3, respectively. Inside the
expansion wave,
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Fig. 8. Exact solution of the shock tube problem at + = 0.287.

G b (O
=) ()]

Fig. 8 gives the exact solution of the shock tube problem at time ¢ = 0.287 for the initial and boundary

conditions:
(1707 1)7 x < 07
) )P ’O =
(0, P)(x,0) {(0.125,0,0.1), x>0,
(p,u,P)(—l,t) = (1,0, l),
(p,u,P)(+1,7) = (0.125,0,0.1).

4.2.2. Supersonic flow over a wedge

The last model problem we study is that of a uniform, horizontal flow moving with Mach number M, > 1
that hits a wedge at an angle 0 with the flow. As long as 0 is not too large, a shock at an anglef will form which
is attached to the wedge. The flow will be uniform on either side of the shock.

Let (p;,u;, P;) denote the constant values on either side of the shock with i = 1,2 denoting the left- and
right-hand sides of the shock, respectively. In [1], it is shown that (p,,u;,P;) and 0 determines (p,, us, P>)
and f. f§ can be determined from the implicit relation

Misin® f— 1 }
M2y +cos(2B)] + 2/

If 0 1s too large, then (20) does not have any real solutions. Physically, this corresponds to the shock forming in
front of the wedge and becoming a detached shock. Otherwise, there can be two solutions of (20). If there is no
additional downstream pressure, then the smaller value of f is the physically correct one. (p,, uy, P,) are deter-
mined by y and the normal component M,, of the Mach number relative to the shock:

tan 0 = 2(cot ﬁ){ (20)
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The direction of u is parallel to the wedge angle.

Fig. 9 displays the steady state solution to the wedge problem with 0 = 15° and M| = 2.5. Note that on the
left boundary we have the boundary conditions p, = 1.4 and P; = 1. |u| can be calculated from M, and u is in
the x direction. On the top and bottom boundary, we have the boundary conditions

u-n=0,

where i is the outward unit normal. No boundary conditions are prescribed on the right boundary.
4.3. Set up of computational experiments

In the hierarchical finite element formulation (7), there are several free parameters that must be set.

Choosing ey. A natural choice for ey is ey = hy.

Choosing m so that Qy.,; = 0 for n < m. We were able to prove (see [6]) convergence when O, =1 for
n > 4. Numerical experimentation indicates that one can add much less diffusion. We add diffusion to the fin-
est one or two levels only: m =N for one-dimensional problems and m = N — 1 for two-dimensional
problems.

Choosing the form of Qy. The spectral viscosity method yields better results if Oy, ; is smooth with respect
to the frequency number n. Spectral basis functions have many more levels than hierarchical finite element
basis functions so that it is easier to achieve a smooth transition in the former case. Numerical evidence indi-
cates that a sharp jump in Oy, ; with respect to n does not adversely affect the hierarchical finite element cal-
culations. Qy.,; = 0 for n < m and then becomes 1 for n > m. In our two-dimensional calculations, we have
chosen an isotropic diffusion term, as in (10). As we can see in (11), this greatly simplifies the formulation. As
was mentioned in Section 3.1, one of the potential advantages of the hierarchical finite element approach is the
ability to add diffusion only near a discontinuity. We have not yet explored the full exploitation of this
advantage.

Choosing the quadratic hierarchical structure. As we saw in Fig. 2, there are two possible hierarchical struc-
tures for piecewise quadratic polynomials. In the first of these figures, all the basis functions are quadratic. In
the second one, the low frequency basis functions are linear. The major difference between the two is that for
the same Qy and m, the linear low frequency structure will add more diffusion. For a piecewise quadratic func-
tion v, Oyv =, Oy, ;B W, With Oy, ; = 0 for small n. If all of the basis functions are quadratic, then in the
smooth regions, f,, = O(87"), as we showed in Section 3.2.2. If only the highest frequency basis functions are
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quadratic, then for n < N, f,; = O(4™") in the smooth regions, as we showed in Section 3.2.1. Therefore, Qv
will be larger for the linear low frequency basis functions. If diffusion is added to the finest level only (as we did
in our one-dimensional calculations), then the hierarchical structure of the low frequencies do not have an
effect.

Ordinary differential equation solver. Our finite element formulation turns the partial differential equations
into a system of ordinary differential equations. We solved the system of ODEs using a third-order, strong
stability-preserving (SSP) Runge—Kutta method found in [12]. The well known Courant, Friedrichs, and Lewy
(CFL) condition restricts the size of the time step Az. By trial and error, we choose a CFL number %Vm <03
for piecewise polynomials of degree 1 and a CFL number <0.1 for degree 2. V7, is maximum wave propaga-
tion speed:

o=

max{|u;| + a} for the Euler equations.

for Burgers’ equation,

Post-processing strategy. Because we are approximating a discontinuous solution with continuous piecewise
polynomials, we see Gibbs oscillations near the discontinuity. A simple strategy to remove the oscillations
is to set the coefficients of the hierarchical expansion to zero around the discontinuity. The question then be-
comes the location of the discontinuity. Let f8,.,; be a high frequency hierarchical coefficient. Let 8, ; be the
parent hierarchical coefficient, so the support of i, ; is a subset of i, . If the solution is continuously differ-
entiable in the region of the support of , ;, then we have that

ﬁn‘j — Cl 2™
ﬁnJrlj C227n71

Therefore, our strategy is: for a fixed (problem dependent) number of high frequencies, if a hierarchical coef-
ficient is larger than half the value of its parent, then it is set to zero. The number of levels to post-process was
found through experimentation: two for the steady state Burgers’ equation and four for the periodic Burgers’
equation.

Our simple strategy only affects the region around a discontinuity, but it has the disadvantage of smoothing
across the discontinuity. Our solution therefore becomes more smeared.

We apply the post-processing strategy to solutions of the two variants of Burgers’ equation, although it
could also be applied to solutions of the Euler equations.

nj»

~ 2.

1.5 T T 1.5 T T
1 f - 1 -
05 E 0.5 E
0 flevels: 9 0 flevels: 10 —
elements: 266 elements: 5[12
-0.5 Fdx=7.8e-03 -0.5 -dx=3.9e-03 R
-1+ i -1+
1.5 L L 1.5 L L
1 -05 0 05 1 -1 -05 0 05 1 -1 -05 0 05 1
numerical
exact -------
Steady State Burgers’ Equation
15 : : 15 : : Polynomial Degree = 1
1 | 1 | Diffusion on Finest Level Only
ki=0or1
05 ] 05 ] 0 levels were post-processed
0 flevels: 11 — 0 flevels: 12 —
elements: 1024 elements: 2048
-0.5 [dx=2.0e-03 1 -0.5 [dx=9.8e-04 1
-1+ -1 F
-1.5 L L -1.5 L L
-1 05 0 05 1 -1 -05 0 05 1

Fig. 10. Approximation of a steady state solution of Burgers’ equations without any postprocessing.
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Convergence rates. All our errors are given in the L' norm. Near a discontinuity, we are limited to how well
a piecewise polynomial can approximate a solution. We are more interested in the convergence rates in the
smooth regions. We therefore exclude a region around all the discontinuities in our error calculations. For
the shock tube problem, the removed region has radius 0.05. For all other problems, the radius is 0.1.

For some regions where the solution is constant, the convergence rates are erratic because the L' error is
almost zero; in these cases, the rates are omitted from the tables of results. In the domain of the steady state
Burgers’ equation and in regions 4 and 1 of the shock tube problem, the exact solution is constant, and the
error is less than 10712

1 T T 1 T T
B 0.5 B 05 | B
B 0 Hevels: 9 B 0 Hevels: 10 B
elements: 266 elements: 5112
dx=7.8e-03| dx=3.9e-03
E -0.5 - ; E -0.5 i E
1 1 ‘ 1 1 1 ‘ 1
1 -1 05 0 05 1 -1 05 0 05 1
numerical
exact -------
Steady State Burgers’ Equation
Polynomial Degree = 1
1 T T 1 T T
Diffusion on Finest Level Only
05 | 1 os} 4 Qi=0ord
2 levels were post-processed
0 flevels: 11 — 0 [Hevels: 12 —
elements: 1024 elements: 2D48
dx=2.0e-03 dx=9.8e-04
-0.5 E -0.5 - E
1 1 1 1 1 1
-1 05 0 05 1 -1 05 0 05 1

Fig. 11. Approximation of a steady state solution of Burgers’ equations with simple postprocessing.
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0.4 L ! 0.4 L L 0.4 L

-1 -05 0 0.5 1 -1 -05 0 0.5 1 -1 -05 0 0.5 1

numerical
exact -------
Periodic Burgers’ Equation
Polynomial Degree = 1

2 T T T 2 T T T
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14+ 4 14t 1 time=1.00
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Fig. 12. Approximation of a periodic solution of Burgers’ equations without any postprocessing.
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For the shock tube problem, we observed different convergence rates in the five distinct regions depicted in
Fig. 8. We therefore present the five different errors and convergence rates where appropriate. Similarly, for

the wedge problem, we present the errors and convergence rates for the regions to the left and right of the
shock.

15 — . 15 15
1.4 ; 1.4 1.4
1.3 1.3 1.3
1.2 i 1.2 1.2
1.1 | 1.1 1.1

1 | 1 1
82 | levels: 8} 82 | levels: 9 82 | levels: 10 |

> [elements: 1 > [elements: 2, ° [elements: 5]
0.7 Fdx=1.6e-02| 7 07 [dx=7.8e-03] 1 97 [dx=3.9e-03| ]
0.6 i 1 06 i b 0.6 i 1
0.5 S 0.5 ' . 0.5 —

-1 05 0 05 1 -1 05 0 05 1 -1 05 0 05 1

numerical
exact -------

Periodic Burgers’ Equation
Polynomial Degree = 1

Diffusion on Finest Level Only
Q=00r

tinge:1 .00
3" Order SSP RK Method

0.8 | levels: 11 0.8 | levels: 12 4 levels were post-processed
> [ elements: 1024 > [‘elements: 2,
0.7 Idx=2.0e-03] 7 07 [dx=9.8e-04
0.6 | | — 0.6 |
0.5 . ! 0.5 .
-1 -05 0 05 1 -1 -05

Fig. 13. Approximation of a periodic solution of Burgers’ equations with simple postprocessing.

Table 3
Convergence rate for the periodic Burgers’ equation with linear polynomials.
Levels Without post-processing With post-processing
L' error Rate L} error Rate

8 4.2e—03 - 4.9¢—02 -

9 3.5e—04 3.6 3.0e—03 4.0
10 1.3e—05 4.7 1.6e—05 7.5
11 7.7¢e—07 4.1 7.7e—07 44
12 1.9e—07 2.0 1.9e—07 2.0
13 4.8e—08 2.0 4.8e—08 2.0
Table 4
Convergence rate for the periodic Burgers’ equation with quadratic polynomials
Levels Without post-processing With post-processing

L' error Rate L' error Rate

8 2.7e—03 - 3.2e—02 -

9 2.5e—04 34 1.5e—03 44
10 4.2e—06 5.9 6.4e—06 7.9
11 6.4e—09 9.3 9.5e—09 9.4
12 4.8¢—10 3.7 4.8¢—10 43

13 6.2e—11 3.0 6.2e—11 3.0
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4.4. Numerical simulations

In Figs. 10 and 11, we present results for the steady state Burgers’ equation problem of Section 4.1.1. In
smooth regions, the exact solution is constant; as a result, the L' error is almost zero and convergence rates

1.1 T LB T 0.45 T T T

1 numerical | 04 F |
0.9 B 0.35 |- B
0.8 R 0.3 | R
0.7 B 0.25 B
0.6 E 0.2 E
0.5 R 0.15 | pu R
0.4 R 0.1 | R
0.3 R 0.05 | R
0.2 B 0
0.1 1 L -0.05 L L L

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

3 T T T Shock Tube

Polynomial Degree = 1

25 time=0.287

2 Diffusion on Finest Level Only

ki =0or1

15 levels: 13

; dx=4.9e-04

3" Order SSP RK Method

0.5 0 levels were post-processed

0 1 1 1

-1 -0.5 0 0.5 1

Fig. 14. Approximation of the solution of the shock-tube problem without any postprocessing.

Table 5
Convergence rate for the shock tube problem with linear polynomials
Levels Region 4 Expansion Wv. Region 3 Region 2 Region 1
L' error L' error Rate L' error Rate L' error Rate L' error

p

8 1.3e—04 5.6e—03 - 3.7e—03 8.8e—04 - 1.1e—04

9 1.0e—05 2.9e—-03 1.0 1.5e—03 1.3 1.2e—04 2.9 4.8¢—06
10 2.8e—07 1.5¢e—03 1.0 8.3e—04 0.8 3.1e—05 2.0 2.1e—08
11 6.2e—10 7.4e—04 1.0 4.3e—04 0.9 5.9e—06 2.4 4.3e—13
12 8.9e—15 3.7e—04 1.0 1.8e—04 1.2 8.6e—07 2.8 2.3e—17
13 I.1e—15 1.9e—04 1.0 7.4e—05 1.3 2.9e—07 1.6 5.5e—17
pu

8 1.5e—04 3.4e—03 - 1.3e—03 1.8e—03 - 1.3e—04

9 1.2e—05 1.7e—03 1.0 6.1e—04 1.1 2.4e—04 2.9 4.7e—06
10 3.3e—07 8.6e—04 1.0 2.8¢—04 1.1 4.2e—05 2.5 2.4e—08
11 7.4e—10 4.3e—04 1.0 8.9e—05 1.7 5.9e—06 2.8 4.4e—13
12 1.0e—14 2.2e—04 1.0 2.5e—05 1.8 1.0e—06 2.6 2.3e—18
13 4.9e—16 1.1e—04 1.0 8.7e—06 1.5 5.9e—07 0.8 2.5e—17
pe

8 4.4e—04 1.4e—02 - 6.1e—03 4.6e—03 - 3.3e—04

9 3.6e—05 7.4e—03 1.0 2.3e—03 1.4 6.0e—04 2.9 1.2e—05
10 9.7e—07 3.7e—03 1.0 1.3e—03 0.9 7.1e—05 3.1 6.3e—08
11 2.2e—09 1.9e—03 1.0 7.5e—04 0.8 4.7e—06 3.9 1.2e—12
12 3.0e—14 9.5e—04 1.0 3.5e—04 1.1 1.6e—06 1.5 1.7e—17

13 2.0e—15 4.7e—04 1.0 1.4e—04 1.3 1.5e—06 0.1 1.5e—16




M. Calhoun-Lopez, M.D. Gunzburger | Journal of Computational Physics 225 (2007) 1288-1313

1309

are erratic. For this reason, we do not provide tables of the errors in the approximate solutions. The post-pro-
cessing strategy removed the oscillations near the discontinuity.

In Figs. 12 and 13 and Tables 3 and 4, we present results for the periodic Burgers’ equation problem of
Section 4.1.2. In smooth regions, we see quasi-optimal convergence rates using linear and quadratic polyno-

Table 6
Convergence rate for the shock tube problem with quadratic polynomials.
Levels Region 4 Expansion Wv. Region 3 Region 2 Region 1
L' error L' error Rate L' error Rate L' error Rate L' error
p
8 1.7e—05 2.3e—03 - 3.3e—03 — 5.7e—04 - 2.4e—05
9 7.3e—07 1.2e—-03 1.0 2.3e—03 0.5 1.4e—04 2.0 1.2e—-06
10 3.4e—09 5.9e—04 1.0 1.2e—03 0.9 4.4e—05 1.7 2.5e—08
11 2.0e—13 2.9e—04 1.0 5.1e—04 1.2 9.3e—06 2.3 4.3e—11
12 1.6e—14 1.5e—04 1.0 1.7e—04 1.6 1.6e—06 2.5 2.3e—16
13 1.5e—14 7.4e—05 1.0 3.3e—05 2.4 9.2e—07 0.8 4.5¢e—19
pu
8 2.0e—05 1.3e—03 - 8.6e—04 - 1.2e—03 - 2.5¢e—05
9 8.6e—07 6.6e—04 1.0 4.7e—04 0.9 2.2e—04 2.4 6.8e—07
10 4.0e—09 3.3e—04 1.0 1.9e—04 1.3 4.6e—05 22 2.7e—08
11 2.7e—13 1.7e—04 1.0 6.1e—05 1.6 8.9e—06 2.4 4.5¢—11
12 1.3e—14 8.4e—05 1.0 1.7e—05 1.8 1.9¢e—06 22 1.6e—15
13 1.2e—14 4.2e—05 1.0 3.8e—06 2.2 1.0e—06 0.9 2.8e—15
pe
8 5.8e—05 5.8e—03 - 6.3e—03 - 2.9¢e—03 - 7.4e—05
9 2.5e—06 2.9e—-03 1.0 4.2e—03 0.6 4.6e—04 2.7 3.2e—06
10 1.2e—08 1.5e—03 1.0 2.2e—03 0.9 4.5¢e—05 3.3 7.0e—08
11 6.9e—13 7.4e—04 1.0 9.8e—04 1.2 5.7e—06 3.0 1.2e—10
12 4.8¢—14 3.7e—04 1.0 3.2e—04 1.6 2.5¢e—06 1.2 6.7e—16
13 4.2¢—14 1.9e—04 1.0 6.2e—05 2.4 1.2e—06 1.0 5.8e—19
1 T T 1 T T
0.8 0.8 - B
0.6 - 0.6
0.4 04 -
02 p 02 | Ipul
0 ' 0 '
0 05 0 05
1 T
08 - Eulers Equations
Polynomial Degree = 1
0.6 -
Steady State
04 -
Diffusion on Finest 2 Levels
02 pe Qi=0or1
0 ! levels: 8
0 05 dx=1.3e-02

0 levels were post-processed

Fig. 15. Approximation of the solution of the wedge problem without any postprocessing.
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mials and very sharp resolution of discontinuities. The post-processing strategy removed the oscillations near
the discontinuity but resulted in considerable smearing of the discontinuity. More sophisticated post-process-
ing strategies could remove oscillations while still preserving the sharpness at discontinuities.

In Fig. 14 and Tables 5 and 6, we present results for the shock tube problem of Section 4.2.1. In smooth
regions where the solution is constant, the convergence rates are erratic, but the L' error is almost zero only in
regions four and one. In regions three and two, the L' error is not as small as in regions four and one, but it is
between 10 and 100 times smaller than the error in the expansion wave. The L' error in the expansion wave
seems to be limited to first order. This is most likely an example of the phenomenon known as “downstream
pollution” which similarly affects other numerical solvers of hyperbolic conservation laws. Note that the
approximate solution could be postprocessed to remove oscillations.

pony=04 —— T
p (exact) on y=0.4 --------
28} p on lower boundary -------

26| P B

24}

22}

1.4 A
V

0 0.5 1 1.5 2

Fig. 16. Approximate density profiles for the wedge problem without any postprocessing.

Table 7
Convergence rate of wedge problem with linear polynomials.
Levels L' error L' error

Left region Rate Right region Rate
p
5 2.4e—-02 - 7.8e—02 -
6 7.1e—03 1.8 5.3e—02 0.6
7 1.0e—03 2.8 3.3e—02 0.7
8 3.1e—05 5.1 1.8e—02 0.9
pui
5 4.9e—02 - 1.2e—01 -
6 1.5e—02 1.7 8.5e—02 0.5
7 2.1e—03 2.8 5.3e—02 0.7
8 6.5e—05 5.0 3.0e—02 0.8
puz
5 2.4e—02 - 9.1e—02 -
6 6.6e—03 1.8 6.2e—02 0.6
7 8.8e—04 29 3.8e—02 0.7
8 2.7e—-05 5.0 2.1e—02 0.9
pe
5 1.1e—01 - 3.4e—01 -
6 3.2e—02 1.8 2.3e—01 0.6
7 4.5¢—03 2.8 1.4e—01 0.7
8 1.4e—04 5.0 7.8e—02 0.9
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In Figs. 15 and 16 and Table 7, we present results for the two-dimensional wedge problem of Section 4.2.2.
To the right of the shock, we have first-order convergence. This is most likely another example of downstream
pollution, which we saw in our solution of the shock tube problem. To the left of the shock, we see high-order
convergence.

5. Concluding remarks

The initial results for this new method are promising. We have a stable finite element method which, in
some cases, attains quasi-optimal convergence rates in smooth regions. We also have developed a theoretical
foundation for understanding why this method works. These results, however, are preliminary. There are
potential pitfalls awaiting in more complicated problems, but there is also untapped potential in the frame-
work. In particular, we have yet to take full advantage of several important features of the new method,
including

e the ease for which singularities in the solution can be detected (see Section 3.2);

e the ease for which one can apply the artificial viscosity only in the vicinity of singularities, i.e., locally in
physical space as well as in frequency space;

e the ease for which one can apply the artificial diffusion in an anisotropic manner, e.g., in a streamwise
direction.

In addition, as for other methods, e.g., the spectral viscosity method, post-processing of the approximate
solution is necessary in order to recover full accuracy. So far, we have only applied simple and straightforward
post-processing strategies; more sophisticated post-processing approaches will surely prove to be more effec-
tive. Fortunately, in this regard, we can avail ourselves of some of the post-processing strategies that have been
developed for the spectral viscosity method.

We close by listing several specific directions for future research that are needed to further develop and val-
idate the approach we introduced in this paper and to render that approach truly competitive with methods
that have a much longer history.

Find an efficient adaptive diffusion form of Qy. The operator Qf\}]fn_’,. we used did not depend on i. It was done
implicitly since for large n, 5, (and so Q’]';,'f”’iﬂ,,?,-) is small in the smooth regions and large near a discontinuity.
An adaptive diffusion operator should improve the convergence rates in the smooth regions.

T T T T T T T T T
1 Yoo Yo.1
0.5 i
0 1 1 1 1 1 1 L
-1 -0.8
1 -
05
0 1
-1 -0.8
1 =
05+ Y20
o 1
-1 -0.8
1 -
05k Y30 Y37
0 1 1 1 1 1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Fig. 17. Discontinuous linear hierarchical basis functions. Top to bottom: level 0, 1, 2, and 3 basis functions.
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Implement an anisotropic diffusion term to minimize crosswind diffusion. The diffusion operator in our calcu-
lations was isotropic. In other words, our O} . is zero if j # k. We would like to implement an anisotropic
diffusion term to minimize crosswind diffusion.

Implement adaptive grid refinement. In all of our calculations, we used uniform grids. Clearly, we would like
to have a finer grid near a discontinuity. The ease of edge detection gives us a good way of knowing where
more elements are needed. Hierarchical bases are well suited to adaptive refinement because adding another
level does not affect the coefficient values of the previous levels.

Implement discontinuous basis functions. Multi-resolution viscosity ideas can be incorporated into the dis-
continuous Galerkin framework by using discontinuous hierarchical basis functions, as depicted in Fig. 17.

Impose boundary conditions weakly. By writing the flux term in our finite element formulation (7) as

d
- f,(q") —dx+/ f,(q")-vn;ds
J, o) auz ,

and replacing the resulting boundary integral with a suitable numerical flux, boundary conditions could be
imposed weakly. This formulation would be more in keeping with finite volume methods.

Find a better post-processing strategy. Setting hierarchical high-frequency coefficients to zero near a discon-
tinuity removes oscillations, but it also smoothes across the discontinuity, adding more diffusion. A better
strategy would be to dampen the high frequency coefficient instead of setting them to zero. We would like
to find an automatic process which finds what values to set the high frequency coefficients to near the
discontinuity.

Run additional two- and three-dimensional test problems, especially on curved domains. The problems we have
chosen are good initial test problems, but more realistic problems are required. We would like to implement
this method on curved domains (such as airplane wings) and in three dimensions.

Perform comparisons with other numerical methods. We would like to perform rigorous comparisons with
other methods to see if our method is competitive.
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